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Abstract
In this work we investigate theoretically the influence of a Fermi velocity modulation in the electronic and
transport properties of magnetic graphene superlattices. We solve the effective Dirac equation for graphene
with a position dependent vector potential and Fermi velocity and use the transfer matrix method to obtain
the transmission coefficient for the finite cases and the dispersion relation for a periodic superlattice. Our
results reveals that the Fermi velocity modulation can control the resonance peaks of the transmittance and
also works as a switch, turning on/off the transmission through the magnetic barriers. The results obtained
here can be used for the fabrication of graphene-based electronic devices.
1. Introduction
Since its first experimental realization [1], graphene has been considered a promising material for the
fabrication of electronic devices, due, for instance, to its extremely high carrier mobility [2] and long-range
ballistic transport at room temperature [3], which exceed those of conventional semiconductors. However,
graphene has a massless Dirac spectrum at low-energies and the Klein tunneling prevents the charge carriers
from being immediately confined by electrostatic potentials [4], which limits the uses of graphene in electronic
devices. For this reason, different ways of confining the quasiparticles in graphene has been proposed
[5, 6, 7, 8, 9], which includes the use of magnetic barriers [10, 11, 12, 13, 14, 15]. These barriers are the
result of inhomogeneous magnetic fields that can be created, for instance, using ferromagnetic layers. With
magnetic barriers it is possible, among other things, create bound states [16], control the transport properties
[17] and also break the valley degeneracy in graphene [18, 19].
In the last years, several works have investigated the influence of a Fermi velocity modulation in the
electronic and transport properties of graphene [20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30]. For instance,
it was obtained that the Fermi velocity can tune the energy gap [31] and the Fano factor [32] and also
create electrons guides [33, 34] and bound states in graphene [35]. It was also showed that a Fermi velocity
modulation can control the spin [36] and valley [37] transport in graphene. The Fermi velocity in graphene
can be modulated, for instance, by doping [38], by the substrate [39], by strain [40, 41], by electric fields [42]
and also by placing metallic planes close to graphene [33, 34], which will change the charge concentration
in different regions, inducing Fermi velocity barriers.
The combination of magnetic barriers and a Fermi velocity modulation was already investigated. How-
ever, it is important to mention that it was considered only the cases of a single [43] and double barrier [44].
Also, the barrier profile used in these works is different from what we will use here.
In this work we investigate the effects of a modulation of the Fermi velocity in the electronic and transport
properties of magnetic graphene supeprlattices. We consider three cases: magnetic barriers, magnetic
barriers and wells and a periodic superlattice. We use the transfer matrix method to obtain the transmission
coefficient for the finite cases and the dispersion relation for the periodic case. We obtain, for instance, that
the Fermi velocity modulation can control the transport properties, turning on/off the transmission through
the magnetic barriers, which can be used for the fabrication of graphene-based electronic devices. We also
find that the Fermi velocity can enhance or reduce the transmittance of the system and modulate the
electronic structure.
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The paper is organized as follows. In Sec. II we write out the effective Dirac equation of the system and
the transmission coefficient for the finite cases and the dispersion relation for the periodic case. In Sec. III
we obtain the results numerically and discuss the influence of the Fermi velocity in the electronic properties
of the system. The paper is summarized and concluded in Sec. IV.
2. Model
The effective Dirac equation that describes quasiparticles in a single layer graphene with a perpendicular
magnetic field B(x) and a modulated Fermi velocity vF (x) is given by
√
vF (x)~σ ·
(
~P +
e
c
~A
)√
vF (x)Ψ(x, y) = EΨ(x, y), (1)
where σ = (σx, σy) are the Pauli matrices, ~A is the vector potential and Ψ(x, y) is a spinor of two components
that represents the two graphene sublattices. The Eq. (1) was modified in relation to its usual form to
become Hermitian, which is a consequence of the position dependence on the Fermi velocity [45].
In the Landau gauge we have that ~A = (0, Ay(x), 0). The wave functions are translationally invariants
in the y direction, which allows us to write Ψ(x, y) = ψ(x)eikyy. Also, defining φ(x) =
√
vF (x)ψ(x), Eq.
(1) becomes
[−i∂xσx + (ky +Ay(x))σy]φ(x) = E
vF (x)h¯
φ(x). (2)
We will use dimensionless units and express all quantities in units of B0, which is the magnitude of the
magnetic field, and `B =
√
h¯c/eB0, the associated magnetic length. Then, Ay(x) will be written in units of
B0`B , x in units of `B , ky in units of `
−1
B and E in units of h¯vF /`B . In this dimensionless units, the Fermi
velocity modulation will be included in the problem by the energy. So, Eq. (2) give rises to two coupled
equations given by
−i[∂x + (ky +Ay)]φB = EφA (3)
and
−i[∂x − (ky +Ay)]φA = EφB . (4)
Uncoupling these equations for φA, one obtains that
∂2xφA + k
2
x(x)φA = 0, (5)
where kx(x) =
√
E2 − ∂xAy − (ky +Ay)2. The solution of this equation depends on the form of Ay. φB is
obtained by replacing φA in Eq. (4).
We will consider here three cases: N magnetic barriers, N magnetic barriers and wells and a periodic
superlattice.
2.1. Magnetic barriers
Let us first consider the case of N magnetic barriers, which is shown in the continuum black lines of
Fig. 1. We consider here that in the barrier regions the magnetic field and the Fermi velocity are given,
respectively, by ~B = B0zˆ and vF = v2, while in the other regions ~B = 0 and vF = v1. The vector potential
is given by
Ay(x) =

0, x ∈ [−∞, 0]
B0(x− nww), x ∈ [nL, nL+ wb]
B0(n+ 1)wb, x ∈ [nL+ wb, (n+ 1)L]
NwbB0, x ∈ [NL,∞]
(6)
where n = 0, .., N − 1 and L = wb + ww.
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Figure 1: The y component of the vector potential for the cases of magnetic barriers (continuum black lines) and magnetic
barriers and wells (dashed red lines).
In the regions with constant Ay, we have that
φ0(x) = A0
(
1
kx+i(ky+Ay)
E
)
eikxx + C0
(
1
−kx+i(ky+Ay)
E
)
e−ikxx, (7)
where A0 and C0 are constants that give the amplitude of the waves in the region. This solution can be
written as
φ0(x) = Ω0
(
A0
C0
)
, (8)
where
Ω0 =
(
eikxx e−ikxx
kx+i(ky+Ay)
E e
ikxx −kx+i(ky+Ay)
E e
−ikxx
)
. (9)
For the regions where Ay depends on position, we have that
φb(x) = Ωb
(
Ab
Cb
)
, (10)
where
Ωb =
(
Dp(q) Dp(−q)
i
√
2B0
Eζ Dp+1(q) − i
√
2B0
Eζ Dp+1(−q)
)
, (11)
with q =
√
2/B0(ky + Ay(x)), ζ = v2/v1 and p = (Eζ)
2/(2B0) − 1 and Dp(q) is the parabolic cylinder
function.
Considering the continuity condition for φ(x) in the interface of each region, it is possible to obtain a
matrix that connects the amplitude of the waves in the incoming and outgoing regions, which is given by(
Ai
Ci
)
= Mˆ
(
Af
Cf
)
, (12)
where the indices i and f represent, respectively, the incoming and outgoing regions and
Mˆ = Mˆ0Mˆ1...MˆN−1 (13)
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with
Mˆn = Ω
−1
0 (nL)Ωb(nL)Ω
−1
b (nL+ wb)Ω0(nL+ wb). (14)
It is important to remember that the wave function of the problem is ψ(x), and not φ(x). However, since
we are considering that the Fermi velocity is the same in the incoming and outgoing regions, the matrix Mˆ
obtained for φ is the same for ψ.
From Eq. (12) one can obtain that the transmittance is given by
T =
kfx
kix
|Af |2
|Ai|2 =
kfx
kix
1
|M11|2 , (15)
where kix and k
f
x are the x component of the wave vector in the incoming and outgoing regions, respectively,
and we put Cf = 0.
Writing the wave vectors in terms of the incident and exit angles, θ0 and θf , respectively, we have that
kix = E cos θ0, k
i
y = E sin θ0 (16)
kfx = E cos θf , k
f
y = E sin θf −NwbB0, (17)
where NwbB0 is the total magnetic flux. The conservation of ky implies that k
i
y = k
f
y , which gives us
sin θ0 +
NwbB0
E
= sin θf . (18)
So, the transmission through the barriers is only possible when∣∣∣∣sin θ0 + NwbB0E
∣∣∣∣ ≤ 1, (19)
which restricts the transmission for a smaller range of θ0 then [−pi/2, pi/2].
2.2. Magnetic barriers and wells
For the case of magnetic barriers and wells, the vector potential is given by
Ay(x) =

0, x ∈ [−∞, 0]
B0(x− 2nww), x ∈ [nL, nL+ wb]
B0[2(n+ 1)wb − x], x ∈ [nL+ wb, (n+ 1)L]
N(wb − ww)B0, x ∈ [NL,∞]
(20)
This vector potential can be seen in the red dashed lines in Fig. 1. Here, we have that ~B = B0zˆ and vF = v2
in the barrier regions and ~B = −B0zˆ and vF = v1 in the well regions.
Following the same procedure as in the previous section, one can obtain that the solution in the well
regions is given by
φw(x) = Ωw
(
Aw
Cw
)
, (21)
where
Ωw =
(
Dp+1(−q) Dp+1(q)
i
√
2B0
Eζ (p+ 1)Dp(−q) − i
√
2B0
Eζ (p+ 1)Dp(q)
)
, (22)
and the transfer matrix is
Mˆ = Ω−10 (0)Ωw(0)Mˆ0Mˆ1...MˆN−1Ω
−1
w (NL)Ω0(NL), (23)
where here
Mˆn = Ω
−1
w (nL)Ωb(nL)Ω
−1
b (nL+ wb)Ωw(nL+ wb). (24)
In this case, the total flux is given by N(wb − ww)B0. So, we have that∣∣∣∣sin θ0 + N(wb − ww)B0E
∣∣∣∣ ≤ 1, (25)
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2.3. Periodic Superlattice
Here we consider the case of a periodic magnetic superlattice, which is possible considering barriers and
wells with wb = ww. From the transfer matrix method, we have that
ψ(0) = Ωψ(L), (26)
where
Ω = Ω−1b (0)Ωw(0)Ω
−1
w (wb)Ωb(wb). (27)
The Bloch theorem says that
ψ(0) = e−iKxLψ(L), (28)
where Kx is the Bloch wave number. Comparing Eqs. (26) and (28), it is possible to see that
det[Ω− exp(−iKxL)] = 0, (29)
which yields the dispersion relation
2 cosKxL = Tr[Ω]. (30)
3. Numerical results and discussions
With the transmission coefficient for the finite cases and the dispersion relation for the periodic case, we
can now obtain and analyze the results. We will consider each case separately.
3.1. Magnetic barriers
In Fig. 2 we plotted the transmittance as a function of the incidence angle for different values of N
keeping the total magnetic flux constant. We consider the cases with ζ equal to 0.5, 1 and 2. As expected,
the range of θ0 with transmission different from 0 does not change, since the flux is the same in all plots.
For the case without a Fermi velocity modulation (black lines) one can see that, as the magnetic flux
is divided by adding more barriers, the transmission increases and tends to the classical limit, where the
transmission is 1 when Eq. (19) is satisfied or 0 otherwise. However, with a modulation of the Fermi velocity,
the transmission can also decreases as the number of barriers increases, as occur for ζ = 2 when N goes
from 1 to 2 and for ζ = 0.5 when N increases from 2 to 3. But, for a large value of N , all cases approach
the classical limit, as can be seen for N = 6. So, a change in ζ can increase or decrease the transmission
depending on N . One can also see that for ζ = 2 some oscillations in the transmission appear for high values
of N.
The transmittance for various values of energy is shown in Fig. 3. As can be seen, the range of θ0 with
non-null transmission increases with E, in accordance with Eq. (19). In the case with E = 2 it is clear that,
depending on the value of ζ, the trnasmittance can be enhanced or suppressed, revealing that the Fermi
velocity modulation can control the transport properties in these magnetic graphene superlattices.
One can also note the appearance of oscillations in the transmission for higher values of E. It is possible
to thought these magnetic barriers as Fabry-Pe´rot interferometers, where different incidence angles give rise
to constructive or destructive interferences. At this way, the modulation of the Fermi velocity can control the
Fabry-Pe´rot resonances, selecting which incidence angle will be transmitted, and also cancel the interference
process, as occurs for ζ = 1.
The control of the transmittance by a modulation of vF can be seen more clearly in Fig. 4, where we have
a contour plot of the transmittance in terms of the incidence angle and ζ. We can see that the transmission
for each incidence angle oscillates with a change in the value of ζ.
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0
Figure 2: The transmittance as a function of the incidence angle for different values of N and ζ. We are considering here
B0 = E = 1, ww = 5 and wb = 1/N .
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Figure 3: The transmittance as a function of the incidence angle for different values of energy and ζ. The other parameters
are: N = 3, B0 = wb = 1 and ww = 5.
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Figure 4: Contour plot of the transmittance as a function of the incidence angle and ζ with B0 = wb = ww = 1, N = 5 and
E = 3.
3.2. Magnetic barriers and wells
Let us now consider the case with magnetic barriers and wells. In Fig. 5 it is possible to see the influence
of the Fermi velocity modulation in the transmittance for different values of the widths of the regions. In
Fig. 5 (a) one can see that when wb < ww (wb > ww) the transmittance is different from zero only for
positive (negative) incidence angles. It can be understood looking to the sign of the total flux in Eq. (25).
For wb = ww the total flux in equal to zero, which means that the transmission is not limited to a smaller
range of the incidence angle. In all cases an increase in ζ induces an enhancement on the transmittance,
while a decrease in ζ reduces the transmission.
Increasing the width of the regions, it is possible to restrict the transmission to a very small range of
incidence angle, as can be seen in Fig. 5 (b), where there is only a very narrow transmission peak for a
specific incidence angle. We are considering here ww = 6 and the value of wb determines the incidence angle
that can be transmitted, which, consequently, aligns the transmitted electrons in a specific direction. So,
such system can be used as a collimator of electrons beams, which would be very useful, for instance, in
experiments with graphene superlattices, since it is not easy to control the direction of propagation of the
quaseparticles in such systems. As can be seen, a Fermi velocity modulation can not change the location of
the transmission peak, but it can tune the transmittance from 0 to 1. So, it can be used as a switch, turning
on/off the transmission in the system.
In Fig. 6 we consider the case with N = 6. One can see here the appearance of oscillations in the
transmittance and also narrow peaks in the transmittance for some values of the incidence angle, which are
the consequence of the interference process. The Fermi velocity modulation can control these interference,
since the resonance peaks occur for different incidence angle as we change the value of ζ.
A contour plot of the transmittance as a function of the incidence angle and ζ can be seen in Fig. 7.
As can be see, the transmittance oscillates with ζ, revealing the control of the transmission by the Fermi
velocity.
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Figure 5: The transmittance as a function of the incidence angle for different values of wb, ww and ζ. We consider here
N = E = B0 = 1. (a) wb = ww = 1 (continuum lines), wb = 1 and ww = 2 (dashed lines), wb = 2 and ww = 1 (dotted lines).
(b) ww = 6.
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Figure 6: The transmittance as a function of the incidence angle for different values of ζ. We consider here B0 = wb = ww = 1,
N = 6 and E = 3.
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Figure 7: Contour plot of the transmittance as a function of the incidence angle and ζ with B0 = wb = ww = 1, N = 5 and
E = 3.
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3.3. Periodic superlattice
The band structure for the periodic superlattice case can be seen in Fig. 8. We can see a linear dispersion
relation, with a conical surface similar to the graphene without the magnetic field. However, the dispersion
relation here is inversely proportional to ζ, since an increase (decrease) in ζ also increases (decrease) the
angle of the conical surface.
-2 -1 0 1 2
Kx
-3
-2
-1
0
1
2
3
E
ζ=1
ζ=0.5
ζ=2
-2 -1 0 1 2
ky
Figure 8: Dispersion relation for the periodic superlattice. We consider the energy in terms of Kx for ky = 0 (left panel) and
the energy as a function of ky with Kx = 0 (right panel). We have here that B0 = wb = ww = 1.
4. Conclusion
In this paper we have investigated the influence of a Fermi velocity modulation in the electronic and
transport properties of magnetic graphene superlattices. We obtained that, for the case of finite magnetic
barriers, the Fermi velocity can enhance or reduce the transmission through the magnetic barriers and also
to control the resonant peaks in the transmittance. We also showed that the magnetic field can select the
incidence angle that will be transmitted, which can be used to create a colimator of electrons beams. The
Fermi velocity in such colimator works as a switch, since it can tune the transmittance from 0 to 1. For the
case of a periodic magnetic graphene superlattice, we found a linear dispersion relation that is proportional
to the ratio of the Fermi velocity in the two regions of the superlattice. The results obtained here are useful
in the development of new electronic devices based on graphene.
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